Abstract. The family of singular Szekeres-Szafron class II solutions in local thermal equilibrium is studied and their associated thermodynamics are obtained. The subfamily with an ideal gas hydrodynamic behavior results to be an inhomogeneous generalization of flat FLRW γ-law models. Three significative interpretations that follow on from the choice of three specific thermodynamic schemes are analyzed in depth. First, the ideal gas (defined by the equation of state p = knΘ) in local thermal equilibrium; this interpretation leads to an inhomogeneous temperature Θ. Second, the thermodynamics with homogeneous temperature considered by Lima and Tiomno (CQG 6 1989). And third, a new model having exactly the homogeneous temperature of the FLRW limit. It is shown that the three models above fulfill the necessary requirements for physical reality (positivity of matter density and temperature, energy conditions and compressibility conditions) in wide domains of the spacetime.
Introduction
Szekeres cosmological models [1] are dust inhomogeneous perfect fluid solutions that can describe the Universe in the post-recombination era [2] [3] [4] . These models were generalized by Szafron [5] by considering a non-vanishing pressure [2] [3] . Several papers have been devoted to perform an invariant characterization of the Szekeres-Szafron metrics [6] [7] [8] (see also [2] [3]), and we have recently achieved an IDEAL approach to these solutions [9] .
The physical and geometric properties of the pioneer dust solutions by Szekeres and of the Szafron models with constant pressure have been widely analyzed in the literature [2, 3, 10, 11, 12, 13] (see also the recent papers [14] [15] and references therein). Nevertheless, the physical meaning of the full set of Szekeres-Szafron (SS) metrics is still an open problem. Thus, some authors have remarked on the difficulties in associating a realistic equation of state to these solutions [4] [16] . However, a few isolated results can be quoted.
Lima and Tiomno [16] considered a subfamily of class II SS metrics that extend the Szekeres subfamily considered by Bonnor and Tomimura [17] to non-vanishing pressure. These models evolve to a FLRW era and have been proposed as two-fluid cosmologies [16] . In a subsequent paper [18] a subset of the parabolic solutions has been interpreted as one-component fluids in local thermal equilibrium.
Krasiński et al. [19] proved that there are thermodynamic Szekeres-Szafron solutions of class II without symmetries. Nevertheless, if a class I Szekeres-Szafron metric admits a thermodynamic scheme then, necessarily, it admits symmetries [19] . The latter result has recently been recovered in [9] .
We have set ourselves the goal of studying in detail the SS spacetimes that model the evolution of a thermodynamic perfect fluid in local thermal equilibrium, and to analyze the physically realistic thermodynamics that can be associated with them. A fundamental tool in this study is the hydrodynamic approach to the concept of local thermal equilibrium developed in [20] and [21] , and the constraints for physical reality analyzed in [22] from a hydrodynamic point of view.
In section 2 we analyze the local thermal equilibrium condition for the SS metrics of class II, and we show that three families arise in a natural way: the singular models, the regular models and the metrics admitting a three-dimensional isometry group G 3 on space-like two-dimensional orbits S 2 .
In this paper we focus on the singular models. In section 3 we obtain the canonical form for the metric line element and we offer the expression for the hydrodynamic quantities: energy density ρ and pressure p. We also acquire their associated thermodynamics, namely, we determine the specific entropy s, the matter density n and the temperature Θ. Finally, we obtain an implicit expression for the indicatrix of the local thermal equilibrium, χ = χ(ρ, p), which gives the square of the speed of sound in terms of the hydrodynamic quantities, c 2 s = χ(ρ, p). Section 4 is devoted to determining the singular models which are compatible with an indicatrix function of the form χ = χ(π), π ≡ ρ/p, that is, the one that corresponds to an ideal gas [21] . We have then that these ideal singular models have the hydrodynamic behavior of an ideal gas and evolve to the FLRW γ-law models. We study the physical reality of the solutions by analyzing the energy condition [23] and the relativistic compressibility conditions [22] [24] [25] . Their associated thermodynamics are also outlined.
In the remaining sections we analyze in detail three of the all possible thermodynamic schemes that can be associated with the ideal singular models. And we show that they fulfill suitable requirements for physical reality in a wide domain of the spacetime. In section 5 we consider an ideal gas scheme and obtain all the thermodynamic quantities by using the results in [21] . In section 6 we revisit the thermodynamic scheme of the model presented by Lima and Tiomno [18] , which has homogeneous temperature and is thus compatible with non-vanishing conductivity.
And in section 7 we present a new thermodynamic scheme, which has the same (homogeneous) temperature as the γ-law models of the FLRW limit.
Thermodynamic Szekeres-Szafron metrics of class II
The canonical form of the Szekeres-Szafron metrics of classes I and II can be found in several papers [2] [3] [5] . With a slightly different notation, the metric line element of class II solutions takes the expression:
where
These metrics are perfect fluid solutions when the above metric functions fulfill:
Moreover, the pressure p and the energy density ρ are given by:
and the unit velocity u is geodesic and its expansion is:
The spacetime is Petrov-Bel type D and the simple Weyl eigenvalue is:
Under the hypothesis ρ + p = 0, the FLRW limit follows in the conformally flat case (ω = 0). In terms of the metric functions this condition holds if, and only if,Ḃ = 0 (and then k(B + W ) + U = 0). Moreover, P can be redefined so that we can take B = 0. Hereinafter we consider strict Szekeres-Szafron metrics of class II, that is, metrics of the form (1) withḂ = 0.
The strict SS metric (1) admits a G 3 on S 2 if, and only if, ρ = ρ(t, z), that is P = P (z) or, equivalently, V 1 = V 2 = 0 and U = kW [9] . In this case, we can redefine the function B so that P = 0.
Finally, the non-conformally flat barotropic limit follows when, in addition to having a G 3 on S 2 , the function B+P factorizes. Now we can redefine function B and coordinate z so that P = 0 and B = B(t), and we obtain the canonical form of the Kantowski-Sachs metrics and of their parabolic and hyperbolic counterparts [2] [26].
Thermodynamic constraints for class II Szekeres-Szafron metrics
A relevant question in studying perfect fluid solutions is to analyze their interpretation as reasonable physical media. Plebański [23] energy conditions are necessary algebraic conditions for physical reality and, in the perfect fluid case, they state: −ρ < p ≤ ρ. The determination of the spacetime regions where these constraints hold is a basic query in analyzing a given perfect fluid solution.
Furthermore, if we want the solution to describe a thermodynamic perfect fluid in local thermal equilibrium we must impose complementary restrictions. A necessary condition for the fluid to admit a thermodynamics is that a function n exists such that [21] :ṅ + nθ = 0 , dn ∧ dp ∧ dρ = 0 .
Then, the function of state n = n(ρ, p) is the conserved matter density of the fluid. Moreover we can identify the (absolute) temperature Θ of the fluid and the specific entropy s as the functions submitted to the local thermal equilibrium equation:
and the specific internal energy ǫ is defined by the relation:
We have already shown [20] [21] that the notion of local thermal equilibrium admits a purely hydrodynamic formulation: a non isoenergetic (ρ = 0) perfect energy tensor T evolves in local thermal equilibrium if, and only if, the hydrodynamic quantities (u, ρ, p) fulfill the hydrodynamic sonic condition: dχ ∧ dp ∧ dρ = 0 , χ ≡ṗ ρ .
Then, the indicatrix of the local thermal equilibrium χ is a function of state, χ = χ(ρ, p), which physically represents the square of the speed of sound in the fluid, χ(ρ, p) ≡ c 2 s . Our first goal in this paper is to analyze the local thermal equilibrium condition for class II Szekeres-Szafron metrics that are expanding θ = 0 and non barotropic, dρ ∧ dp = 0. We have thenρ = 0 andṗ = 0. For the SS metrics the hydrodynamic sonic condition (13) admits an equivalent and simpler expression [9] :
For expanding and non barotropic SS metrics of class II given in (1), we can substitute in (14) the expressions (7) of the energy density and (8) of the expansion. Then, we obtain:
If k = 0 and U = 0 (singular models) the local thermal equilibrium condition (15) identically holds. Otherwise, if k 2 + U 2 = 0, this condition is equivalent to:
When the metric admits a G 3 on S 2 we have P = P (z) and (16) identically holds, according to the well-known result that a perfect fluid solution with these symmetries always admits a thermodynamic scheme. Otherwise we have P 2 x + P 2 y = 0, and (16) becomes equivalent to:
where, for any function q, q ′ = ∂ z q. Thus, we have shown: 
Note that these three conditions do not determine a classification of the expanding and non barotropic class II SS metrics in local thermal equilibrium. Indeed, the singular models defined in (ii) are compatible with the condition P = P (z) of (i), and thus they contain a subfamily of metrics admitting a G 3 on S 2 . Moreover P = P (z) does not imply condition (17) and the three subfamilies are necessary to cover all the class II SS metrics that are expanding and non barotropic. Consequently, the full study of the thermodynamic class II SS solutions involves analyzing the three cases considered in proposition 1. The main aim of this paper is to study in depth the singular models by obtaining their associated thermodynamics and by outlining some physically relevant models. The study of the other two cases is a work in progress which will be presented elsewhere. Some preliminary results for case (iii) were reported years ago in [27] . It is also worth mentioning the paper by Krasiński et al. [19] where, by starting from condition (10), they proved the existence of thermodynamic class II Szekeres-Szafron solutions without symmetries. 
Singular models

Metric and hydrodynamic quantities: energy density and pressure
On the other hand, if we write c(z) = εf (z), ε = 0, 1, and Q = (b + P )/f , and we change the coordinate z as dz = f (z)dz, we obtain the following canonical form of the singular models:
where φ = φ(t) and α = α(t) are constrained by the equation (18), and
The pressure p and the energy density ρ are then given by:
And the expansion of the fluid is:
The singular SS metrics of class II (19) depend on an arbitrary function of time (φ(t) and α(t) are submitted to constraint (18)) and three arbitrary functions, V 1 (z), V 2 (z) and W (z), of the coordinate z. Now, we recover the FLRW limit by making ε = 0, and the barotropic limit follows if Q = constant. The metric admits a G 3 on flat two-dimensional orbits when V 1 = V 2 = 0.
Thermodynamic scheme: entropy, matter density and temperature
We know that the singular SS metrics of class II (19) define perfect fluid solutions in l.t.e., and the hydrodynamic quantities pressure and energy density are given in (21) and (22), respectively. Now we shall solve what we have termed the inverse problem [21] for these solutions, namely, we shall obtain the full set of associated thermodynamic quantities: specific entropy s, matter density n and temperature Θ. For a conservative perfect energy tensor T in l.t.e. the range of associated thermodynamics depends on two arbitrary functions of the specific entropy. More precisely [21] , each thermodynamics is determined by a specific entropy s and a matter density n of the form s = s(s), n =nN(s), where s(s) and N(s) are arbitrary functions, and wheres =s(ρ, p) is a particular solution to the local adiabatic conditionṡ = 0 and n =n(ρ, p) is a particular solution to the matter conservation equation (10) .
For the sake of clarity, from now on we write the hydrodynamic quantities in terms of the Hubble function H:
For a strict SS metric (ε = 1), we can isolate the function Q from (25), and we obtain:
Note that φ, α and H are functions of p becauseṗ = 0 and then t = t(p). Therefore Q is a function of state, Q = Q(ρ, p). MoreoverQ = 0 as a consequence of (20) , and then we can takes = Q.
On the other hand, from expression (23) of the expansion it follows thatn = [φ 3 (εα + Q)] −1 is a solution to equation (10) . Thus we have shown:
Proposition 2 The thermodynamic schemes associated with the singular models (19) are determined by a specific entropy s and a matter density n of the form:
Note that, Q being a function of state as a consequence of (26), then s and n are too:
In order to determine the temperature associated with each one of the thermodynamic schemes defined by the pair {s, n} given in (27) we can start from the local thermal equilibrium equation (11) that can be written as:
where h is the relativistic specific enthalpy.
For the singular models the specific enthalpy can be calculated from (24), (25) and (27) , and we obtain (ε = 1):
Then, from (28) and (29) we have:
Consequently, we can state:
For the singular models (19) , the temperature of the thermodynamic schemes given in proposition 2 takes the expression:
where λ(t) and µ(t) are given in (30) and
The indicatrix function: speed of sound
With the aim of increasing our knowledge of the physical qualities of the models it is convenient to know the function of state that gives the square of the speed of sound in terms of the hydrodynamic quantities, c 2 s = χ(ρ, p). When the hydrodynamic sonic condition (13) holds, this function is equal to the indicatrix of the l.t.e., χ =ρ/ṗ, that is, it can be evaluated from the hydrodynamic quantities (u, ρ, p). Thus, it is independent of the thermodynamic schemes {s, n} defined by the two arbitrary functions s(Q) and b(Q), and it only provides information on the hydrodynamic properties of the fluid.
As we will see in the following sections the interest in obtaining χ(ρ, p) is twofold. On one hand, we can impose on it complementary conditions that define a specific family of fluids; for example, in the case of a generic ideal gas we have χ = χ(π), π = ρ/p [21] . On the other hand, it is a useful tool to impose the relativistic compressibility conditions and thus to ensure good physical behavior of the models [22] .
From (25) we can computeρ by taking into account (18) and (26), and we obtain:
Consequently, we have the following result:
For the singular models (19) , the square of the speed of sound takes the expression:
where A, B and C are the functions of t (and then of p) given by:
Note that (36) provides an expression of the indicatrix function which is implicit in the variable p. For a specific choice of the metric function φ(t) we can obtain p(t) from (24), and then we can get t(p). Then, the explicit form of χ(ρ, p) can be obtained (see forthcoming sections). If we impose the compressibility conditions on this implicit generic expression of χ(ρ, p) we would get inequalities involving third order derivatives of the metric functions. This is not difficult to do but the result would not have a practical application.
In the following sections we analyze the compressibility conditions for a specific family of solutions.
Models with the hydrodynamic behavior of an ideal gas
Metric and hydrodynamic quantities: energy density, pressure and speed of sound
Now we analyze when the singular models considered above are compatible with the equation of state of a generic ideal gas, namely:
In [21] we have solved the direct problem for the ideal gases by studying the hydrodynamic constraints that equation (38) 
From the expression of the indicatrix function (36) we obtain that, for the singular models, the ideal gas constraint (39) is equivalent to:
Then, if we use the expressions (37) and (24), and we take into account thatṗ = 0, we obtain:
Lemma 2 The singular models with an indicatrix function of the form (39) fulfill the equations:
where k i are non-vanishing constants.
We have H =φ/φ. Thus, conditions (41) constitute a third-order differential system for the metric function φ(t). We can integrate the third equation and obtain:
And from the second equation in (41) we getφ = κ φ 1−3γk 2 . Then, we can obtain H,Ḣ andṗ as a power function of φ. The resulting expressions are compatible with equations (41) if, and only if,
Consequently,φ
On the other hand, from (18) and (44) we obtain α ′ (φ) =α/φ = κ −1 φ 3 2 γ−4 , and then:
Note that the function α appears in the metric expression (19) (19) , where Q is specified in (20) and φ(t) and α(t) are given, respectively, by:
Moreover the pressure p and the energy density ρ are:
And the speed of sound is given by:
Analysis of the solutions. Energy conditions
From now on we shall consider non-shift perfect fluids (ρ = p) with a non-negative pressure, p ≥ 0. Then the energy conditions state:
Under these constraints, and for a non-dust solution, expression (48) of the pressure implies γ > 1. On the other hand, the FLRW limit ε = 0 leads to a barotropic evolution of the form p = (γ − 1)ρ. These FLRW models fulfill the energy condition (51) when γ < 2, and they are the so-called γ-law models [28] . Hereinafter we analyze the solutions in proposition 5 with 1 < γ < 2, which we name ideal singular models. It is worth remarking the following qualities of these solutions:
(i) The metric depends on three arbitrary functions of z, V 1 (z), V 2 (z) and W (z), and two effective parameters, κ and γ. The constantφ 0 only determines an origin of time and it does not affect the metric.
(ii) Expression (44) shows that the sign of the amplitude parameter κ gives the sign ofφ, and thus it is positive in expanding models. Its square κ 2 determines the strength of the density ρ and the pressure p. The thermodynamic parameter γ is the only one that affects the equation of state (50).
(iii) The solutions with V 1 = V 2 = 0 admit a G 3 on flat two-dimensional orbits. If in addition W = constant, then we obtain a Kantowski-Sachs model.
(iv) In expanding models the solutions evolve to the FLRW γ-law models.
(v) The solutions belong to the family of metrics considered by Szafron and Wainwright [29] , which was the first generalization with non-vanishing pressure of the Szekeres dust solutions.
(vi) The solutions also belong to the family of models proposed as two-fluid cosmologies by Lima and Tiomno [16] . In fact, they are the parabolic subclass interpreted in a later paper [18] as a one-component fluids furnished with a thermodynamic scheme. Here we have obtained the model by imposing a physical condition a priori: to have an ideal gas hydrodynamic behavior. Below we also obtain the full set of thermodynamic schemes and we accurately analyze their good physical behavior.
Now we achieve the analysis of the energy conditions by obtaining the spacetime domains where condition π < 1 (ρ > p) is fulfilled. By using (47), the energy density (49) can be written in the form:
Then, from this expression and (48) we obtain (ε = 1):
Consequently, ρ > p if either X > 0 or X < −2, so that:
The ideal singular models in proposition 5 fulfill the energy conditions (51) in the spacetime domains where one of the following two conditions holds:
Note that the first condition in (54) is independent of time for both expanding (κ > 0) and contracting (κ < 0) models. On the other hand, for expanding models, the spatial domain where the second condition in (54) holds increases with time.
Compressibility conditions
The relativistic compressibility conditions are complementary requirements for physical reality of a thermodynamic perfect fluid. They were expressed [24, 25, 30, 31] by imposing constraints on the function of state τ = τ (p, s), where τ = f /n, f = h/c 2 , is the so-called dynamic volume: ‡
‡ The enthalpy index f was introduced by Taub [32] and named fluid index by Lichnerowicz [25] . It is a dimensionless function of state that differs from the relativistic specific enthalpy h in the constant factor c 2 . The usual choice c = 1 generates the identification of both functions in literature [24] [30] . We prefer to use the term enthalpy index to remark its dimensionless quality that makes τ certainly be a volume.
In [22] we have shown that the compressibility conditions H 1 only restrict the hydrodynamic quantities and that they can be stated in terms of the equation of state c 2 s = χ(ρ, p). For a fluid with χ = χ(π), π = ρ/p, conditions (55) are equivalent to [22] :
Thus, for our models these constraints can be analyzed regardless of the functions s(Q) and b(Q) that define a specific thermodynamic scheme (see subsection 3.2), and we need only to study the indicatrix function χ(π) given in (50) in the domain 0 < π < 1 where the energy conditions hold. A straightforward calculation leads to:
Consequently, χ(π) is an increasing function that applies the interval ]0, 1[ to ]0, 1[, and thus the first condition in (57) holds. On the other hand, if we use (50) and (58) to replace χ and χ ′ in (57) we obtain:
since c 0 ≡ (3γ + 2)(γ − 1) > 0 and c 1 ≡ 5γ − 2 > 0. Therefore, the second condition in (57) (and thus H 1 ) holds. So, we have shown:
The ideal singular models in proposition 5 fulfill the compressibility conditions H 1 provided that they fulfill the energy conditions E.
The compressibility constraint H 2 depends on the full set of thermodynamic quantities [22] , that is, on the choice of s(Q) and b(Q), and it will be analyzed in the following sections for three specific thermodynamic schemes.
Thermodynamic schemes: entropy, matter density and temperature
Now we study the full set of thermodynamics associated with the (strict, ε = 1) ideal singular models. We must particularize the thermodynamic schemes presented in subsection 3.2 for the solutions in proposition 5. Note that, from (47) and (48), we obtain
. (60) Then, taking into account (60) and (49) we can obtain :
Consequently, we can determine an explicit expression for the function Q(ρ, p) given in (26) :
On the other hand, the functions λ(t) and µ(t) defined in (30) can be computed in terms of φ and in terms of p by using (60) and (44):
Then, substituting all these formulas in expressions (27) , (32) and (33) for n, s and Θ, we obtain:
The thermodynamics associated with the ideal singular models given in proposition 5 are determined by a specific entropy s and a matter density n of the form:
where s(Q) and b(Q) are arbitrary real functions of the function of state Q = Q(ρ, p) given in (62). Moreover the temperature is of the form:
where λ(p) and µ(p) are given in (63) and (64), and
Models with an ideal gas thermodynamic scheme
When the hydrodynamic quantities (u, ρ, p) fulfill the ideal gas constraint (39), a thermodynamic scheme modeling an ideal gas in l.t.e. exists. Obtaining this scheme solves the restricted inverse problem for the indicatrix function χ = χ(π), a problem that was analyzed in [21] :
Lemma 3 If for an ideal gas c 2 s = χ(π) = π is the square of the speed of sound then, in terms of the hydrodynamic quantities (ρ, p), the specific internal energy ǫ, the temperature Θ, the matter density n and the specific entropy s are given, respectively, by:
the generating functions e(π) and φ(π) being, respectively,
For our models we must determine the generating functions e(π) and q(π) from the expression (50) of χ(π), and then we obtain:
And substituting in (68) and (69), we determine the expressions for n, s and Θ:
The matter density n, the specific entropy s and the temperature Θ of the ideal singular models with an ideal gas scheme take the expressions:
The above ideal gas scheme must correspond to a specific choice of the functions b(Q) and s(Q). We can determine these functions by identifying the above ideal gas expressions for n, s and Θ with the generic ones given in proposition 8. Indeed, matching up expressions for n and s provided in (65) with those given in (73) and (74) we obtain:
Note that if we use (75) to determine the functions ℓ(Q) and m(Q) given in (67), then the expression for Θ given in (66) is coherent with that given in (73). It is worth remarking that the indicatrix function (50) only approximates that of a classical ideal gas at zero-order: χ(0) = 0, χ ′ (0) = 0 = γ [33] . Thus, our models do not show a hydrodynamic behavior similar to that of a classical ideal gas at low temperatures.
We finish our study of the ideal gas scheme by analyzing the compressibility condition H 2 . In [22] we have shown that for an ideal gas this thermodynamic constraint can also be stated in terms of the hydrodynamic function of state χ = χ(π). More precisely, condition (56) holds if, and only if,
For the indicatrix function χ(π) given in (50), we obtain for ξ:
A straightforward calculation shows (if γ > 1) that ξ(π) vanishes in the interval ]0, 1[ for the value:
and it is positive for π > π m . Consequently, we can state.
Proposition 10
The ideal singular models with an ideal gas thermodynamic scheme fulfill the compressibility condition H 2 in the domain where ρ/p = π ∈]π m , 1[, with π m depending on the thermodynamic parameter γ as (78).
It is worth remarking that the perfect fluid models in l. t. e. that we have considered so far have been established without reference to any heat equation. If we impose one of the usually considered relativistic Fourier laws, the above models are only valid under the hypothesis of vanishing conductivity. Otherwise, for non-vanishing conductivity, and as a consequence of the current relativistic Fourier equations, the thermal equilibrium implies a complementary constraint for the temperature Θ: §
where a is the fluid acceleration and ⊥ denotes the orthogonal projection to the fluid velocity.
In our models we have a geodesic motion, a = 0. Thus, (79) implies a homogeneous temperature, Θ = Θ(t) or, equivalently, it must be a function of p. The temperature (68) depends on π and then on ρ, and thus the model with an ideal gas scheme considered in this section is only compatible with vanishing conductivity.
The Lima-Tiomno models
In this section and in the following one, we consider two thermodynamic schemes that are compatible with non-vanishing conductivity. Note that from (66) the demand Θ = Θ(p) is only consistent with the thermodynamic schemes that fulfill the conditions ℓ ′ (Q) = m ′ (Q) = 0. The first scheme that we examine defines a model already considered by Lima and Tiomno [18] and that we review from our approach. If we select ℓ(Q) = ℓ 0 = 0, and m(Q) = 0, then from (67) we obtain:
Then, if we take the arbitrary constants b 0 and ℓ 0 such that κ ℓ 0 > 0 and b 0 > 0, we obtain:
The ideal singular models admit thermodynamics compatible with nonvanishing conductivity defined by a matter density n, a temperature Θ and an entropy s given by:
where n 1 and Θ 1 are arbitrary positive constants.
We have that Θ > 0, and n > 0 if ρ > p. Then, the expression (82) for s is well defined, and from (48), the formulas (81) are equivalent to:
These two expressions can be found in [18] , and they show that, indeed, the thermodynamic scheme given in proposition 11 is the one considered by Lima and Tiomno. Now we study the compressibility condition H 2 for the Lima-Tiomno thermodynamic models. In [22] we have shown that condition H 2 is equivalent to:
From (82), for the Lima-Tiomno models we have:
Thus, condition (84) holds and, consequently, we can state:
The Lima-Tiomno models fulfill the compressibility condition H 2 , and the associated matter density n and temperature Θ are positive in the domain where the energy conditions E hold.
Models with the FLRW-limit temperature
It is worth remarking that the Lima-Tiomno models presented in the section above have a temperature Θ that is a power of the metric function φ (see (83)). But the exponent −3γ/2 does not coincide with the exponent of the power expression for the temperature in the γ-law model of the FLRW limit. In this case we have Θ ∝ φ −3(γ−1) [28] . This fact was pointed out by Lima and Tiomno [18] and they comment on this unexpected result.
Our approach enables us to shed light on this situation. Indeed, proposition 8 shows that the singular models admit a wide family of thermodynamic schemes with homogeneous temperature. They are determined by two functions s(Q) and b(Q) submitted to constraints (67), with ℓ(Q) = ℓ 0 and m(Q) = m 0 , ℓ 0 and m 0 being two arbitrary constants. Then, (66), (63) and (64)) show that the temperature Θ is the sum of two power functions of the pressure, and then of the metric function φ. We have selected in the above section ℓ 0 = 0 and m 0 = 0 and we have obtained the power function of the Lima-Tiomno model. Now we show that the other possibility of acquiring a single power function (ℓ 0 = 0 and m 0 = 0) leads to a model with the temperature of the FLRW limit.
Hence, now we select ℓ 0 = 0 and m 0 = 0. Then, from (67) we obtain:
Then, if we take the arbitrary constants b 0 and m 0 such that m 0 > 0 and κ b 0 < 0, we obtain:
Proposition 13
The ideal singular models admit thermodynamics with the same temperature as in the γ-law models of the FLRW limit. The matter density n, the temperature Θ and the entropy s are given by:
s(ρ, p) = s 0 + s 1 ρ − p ρ(γ − 1) − p p
We have that Θ > 0, and n > 0 if (γ − 1)ρ > p. Then, expression (88) for s is well defined, and the energy conditions hold. Moreover, from (48), expressions (87) can be written as:
and we see that, indeed, we obtain the temperature of the γ-law models of the FLRW limit.
The spacetime domain where condition (γ −1)ρ > p holds can be obtained by using expressions (47), (48) and (49) for α, p and ρ. Then, a straightforward calculation leads to the second constraint in (54).
Finally we study the compressibility condition H 2 for this thermodynamic scheme. From (88) we obtain:
Proposition 14
The ideal singular models with the thermodynamic scheme given in proposition 13 fulfill the compressibility condition H 2 , and the associated matter density n and temperature Θ are positive and the energy conditions hold in the spacetime domain defined by the constraint 3(2 − γ)κ Q < −2φ
Note that the spatial domain where (91) holds increases with time for the expansion models.
Summary of the results
In this work we have analyzed the hydrodynamic sonic condition (13) for the class II Szekeres-Szafron metrics, and we have shown that three families of thermodynamic solutions in l.t.e. can be distinguished: the metrics admitting a G 3 on S 2 , the singular models, and the regular models (proposition 1). Here we restrict ourselves to the study of the singular models, and we offer the canonical form for the metric line element and the expression of the energy density ρ and pressure p (subsection 3.1). We also determine the compatible thermodynamics by obtaining the general expressions for the specific entropy s, the matter density n and the temperature Θ (propositions 2 and 3),
